quasi-TEM analysis of systems of Iossless coupled transmission lines in an inhomogeneous medium is reviewed.
devices, a further impulse to the study of coupled structures in a inhornogeneous medium can be easily foreseen.
In the context of quasi-TEM coupled structures the methods for frequency and time-domain analysis are all based on the concept of normal modes [6] . In short, propagation in a system of JV coupled transmission lines (lV + 1 conductors) in an inhomogeneous medium can be described by IV modes, which propagate decoupled from one another and with different speeds (in general). LC. = PCI@ (3) where I is the identity matrix. By suppressing time dependence (e~mt) and looking for solutions vvhose z-dependence is of the type v'(z) = ve-~pz (4) i'(z) = ie-~pz (5) one finds by substitution the following eigenvalue problems:
where c is the speed of propagation (unknown). Let now At be the eigenvalues of matrices LC and CL, then
and finally let the eigenvectors of matrices LC and CL be organized as columns of matrices MO and Mi respectively. At present no specification is made about their normalization. By inserting M, into (1) one finds the matrix~. of voltages associated to the eigenvoctor matrix Mi. It is found as
Similarly, by inserting M. into (2) one finds the matrix~, of currents associated to the eigenvector matrix M.:
It can be shown that~,
where D. and Di are diagonal matrices. Since matrices M" and Ml are actually specified with an undetermined right-multiplying diagonal matrix, (1 1), (12) simply state that by exciting the lines with a voltage eigenvector, a current eigenvector results, and vice-versa. It also means that matrices Ld = M~;lLMi
and
are diagonal. They can define modal inductance and capacitance p.u.l., providing some criterion for normalization is defined. Zd, which is related to modal inductance and capacitance [10] . Matrix Zd, together with the set of eigenvalues~k, leads to the well knwon decoupled formulation of the coupled transmission lines problem. However, because of the arbitrarily in the definition of both Mu and Mi, matrices Ld, cd and zd are actually undefined.
In a circuit description of the system of lossless coupled transmission lines, the normalization can be chosen arbitrwily, since any normalization adopted is then recovered when one goes back from the modal waves to the line waves description. However, the normalization of the voltage and current eigenvectors can be shown to be related to the physical meaning of matrix Zd and establishes a link between the general~-line case, the single-line case and the case of two In the PI case, the characteristic impedance Z:') of each mode assumes the following meaning:
where the subscript k indicates the mode and the superscript 'T' indicates transposition. This definition is naturally extended from the single-line case, the difference being that i is actually a vector in a lV-dimensional euclidean space. According to this definition, the MZC is related to power by a measure of the total current associated to the mode. 
Z$v) = (A-lM;CMU)-l,
and the asterisk has been dropped since matrices Ml and MV can be chosen real [7] . Note also that because of Z~~)'(pv) being diagonal, matrix A-l can be moved to the right. By inspection on the three formulas above, one can easily find that the three definitions lead to the same diagonal matrix of modal characteristic impedance only if M:MV = I (29) where I is the identity matrix. It is pointed out that the term in the left side in (29) is always a diagonal matrix, but since the two matrices M, and Mu are completely specified (their normalization has been defined), (29) is in effect a further condition on the normalized eigenvector matrices. Bacause of Cauchy's inequality (the equal sign applies), (29) (31) in (6), (7), one finds:
which can be written as
We have thus established that the condition for which the three definitions of modal characteristic impedance coincide is equivalent to say that matrices L and C commute. This is the case, for instance, when one analyzes two symmetrical lines in an inhomogenous medium, but, in general, (33) 
and is thus a full matrix linking in some way traveling voltages and currents along the coupled line system [8] . By substituting (9) 
It can be shown that the two expression lead to the same matrix ZC.
Matrix ZC is normalization independent. Thus, one can apply (18), (24) and easily verify that the following equations hold:
The three previous equations have the following meaning:
there are three possible diagonalizations of matrix Z., and either of them can be used as a definition of modal characteristic impedance. However, they have a specific physical meaning, which has been clearly shown in the previous sections. The basis for diagonalization are obtained from the two eigenvalue problems relative to matrices LC and CL through suitable normalization.
Equations ( 
while by using (37) and a few manipulations
and finally
Thus, by using the VI definition one finds the geometrical mean between the value found with the PI and that found with the PV definitions, in strict analogy with the single-line case.
Note that matrix Z$") can be generated according to (43) by two normalization-independent matrices. Equations (41), (42) also enlight the key role of the diagonal matrix M~Mu in the computation of modal impedances (it is recalled that we always deal with normalized matrices). It acts as a switch to the desired definition of modal impedance. R also yields a measure of the difference between the values found according to the three definitions, depending on how different matrix M~MO is from the identity matrix. This last information is then separated for each mode, which means that a " 1" in position k of M~MV indicates that the three definitions lead to the same value of modal impedance for mode k. The results on modal characteristic impedance using the three definitions above introduced are given in Table I . Note that there is a considerable difference in the three values for each mode. As pointed out in the previous section, the VI definition leads to values which are the geometrical mean between the other two, while the PI definition leads to the lowest values for each mode and the PV definition to the highest.
A second example is shown in Table II . In this case a structure composed of 3 symmetrical coupled microstrips has been analyzed. It is interesting to observe that although the structure is symmetrical the three definitions of zd lead to slighlty different results. There is however one mode for which the three definiticms coincide (mode 2). The mode eigenvector is the following: In Table III a one should use congruent definitions in both cases.
As a final comment it is pointed out that in all the tables shown, the values of matrices C and L (actually Ca) were computed by a numerical method [23] , and they are affected by the number of basis functions used to discretize the charge density on the strips. The numbers shown are thus approximations to the exact values. The number of basis functions used in the computations is believed to yield about three-digits accuracy.
VII. CONCLUSIONS
The problem of defining and computing modal characteristic impedance in coupled quasi-TEM transmission lines in a inhomogenous medium has been comprehensively dealt with.
It is found that the three usual definitions of characteristic impedance (power-current, power-voltage and voltagecurrent), although they are applied to a quasi-TEM structure, lead in general to different values of modal characteristic
impedances. An exception to this occurs when matrices L and C commute. In that case the three definitions lead to the same values of modal characteristic impedances.
The theoretical results have been then confirmed by some numerical examples on systems of two and three coupled transmission lines.
